Quantum deformations of the restriction of $GL_{mn}(\C)$-modules to
  $GL_m(\C) \times GL_n(\C)$ by Adsul, B. et al.
ar
X
iv
:0
90
5.
00
94
v2
  [
ma
th.
RT
]  
6 O
ct 
20
10
Quantum deformations of the restriction of some
GLmn(C)-modules to GLm(C)×GLn(C)
Dedicated to Sri Ramakrishna
Bharat Adsul, Milind Sohoni ∗
Department of Computer Science and Engg., I.I.T. Bombay
K. V. Subrahmanyam †
Chennai Mathematical Institute
October 28, 2018
Abstract
In this paper, we consider the restriction of finite dimensional GLmn(C)-modules to the sub-
group GLm(C)×GLn(C). In particular, for a Weyl module Vλ(C
mn) of Uq(glmn) we ask to
construct a representation Wλ of Uq(glm)⊗Uq(gln) such that at q = 1, the restriction of Vλ(C
mn)
to U1(glm) ⊗ U1(gln) matches its action on Wλ at q = 1. Thus Wλ is a q-deformation of the
module Vλ. We achieve this for (i) λ consisting of upto two columns and λ = (k) (i.e., the Sym
k
case) for general m,n, and (ii) all λ’s for m = n = 2. This is achieved by first constructing a
Uq(glm)⊗Uq(gln)-module ∧
k, a q-deformation of the simple GLmn(C)-module ∧
k(Cmn). We also
construct the bi-crystal basis for (i) ∧k and show that it consists of signed subsets, and for (ii)
Symk and show that it consist of unordered monomials. Next, we develop Uq(glm) ⊗ Uq(gln)-
equivariant maps ψa,b : ∧
a+1
⊗ ∧
b−1
→ ∧
a
⊗ ∧
b. This is used as the building block to construct
the general Wλ for the cases listed above.
1 Introduction
GLN (C) will denote the general linear group of invertible N × N complex matrices, and glN(C) its
lie algebra. Consider the group GLm(C) × GLn(C) acting on X , the space of m × n-matrices with
complex entries, as follows:
(a, b) · x→ a · x · bT
where a ∈ GLm(C), b ∈ GLn(C) and x ∈ X . Via this action, we have a homomorphism
φ : GLm(C)×GLn(C)→ GLmn(C)
For a Weyl module Vλ(X), via φ, we have:
Vλ(X) = ⊕α,β n
λ
α,βVα(C
m)⊗ Vβ(C
n)
The numbers nλα,β and its properties are of abiding interest. Even the simplest question of when is
nλα,β > 0 remains unanswered.
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Our own motivation comes from the outstanding problem of P vs. NP, and other computational
complexity questions in theoretical computer science (see [18]). More specifically, we look at the
geometric-invariant-theoretic approach to the problem, as proposed in [15, 16]. In this approach, the
general subgroup restriction problem, i.e., analysing an irreducible representation of a group G when
restricted to a subgroup H ⊆ G, is an important step. An approach to the problem was presented in
[17], via the dual notion of FRT-algebras (see, e.g., [13]); more on this later.
A useful tool in the analysis of representations of the linear groups GLN(C) (henceforth, just
GLN ), has been the quantizations Uq(glN) of the enveloping algebra of the lie algebra glN(C), see
[2, 5, 6, 8, 11, 12, 14]. The representation theory of Uq(glN ) mimics that of GLN and has contributed
significantly to the understanding of the diagonal embedding GLN → GLN × GLN , i.e., in the
tensor product of Weyl modules. This is achieved by the Hopf ∆ : Uq(glN) → Uq(glN) ⊗ Uq(glN),
a q-deformation of the diagonal embedding. However, there seems to be no quantization of φ :
GLm × GLn → GLmn, i.e., an algebra map (also φ) Uq(glm) ⊗ Uq(gln) → Uq(glmn); perhaps none
exists [9].
On the other hand, we may separately construct embeddings Uq(glm)→ Uq(glmn) and Uq(gln)→
Uq(glmn) which correspond to φ at q = 1. However, the images (Uq(glm)) and (Uq(gln)) do not
commute within Uq(glmn). This prevents the standard Uq(glmn)-module Vλ(C
mn) from becoming a
Uq(glm)⊗ Uq(gln)-module.
This paper aims to constructs a Uq(glm)⊗ Uq(gln)-module Wλ with the following properties.
• Wλ has a weight structure which matches that of Vλ(C
mn). Further, there is a weight-preserving
bijection Wλ → Vλ(C
mn).
• The action of Uq(glm) ⊗ Uq(gln) on Wλ at q = 1 matches the action of U1(glm) ⊗ U1(gln) via
the embedding φ : U1(glm)× U1(gln)→ U1(glmn) on Vλ(C
mn).
We achieve this construction for (i) λ with upto two columns, and the λ = (k) (i.e., the Symk
case) for general m and n, and (ii) general λ for m = n = 2. We hope to extend these methods for
the general situation.
This construction is done in three steps. We first construct Uq(glm)⊗ Uq(gln)-modules Wλ when
Vλ = ∧
k(Cmn), i.e., λ is a single column shape. Next, we construct Uq(glm) ⊗ Uq(gln)-equivariant
maps
ψa,b : ∧
a+1(Cmn)⊗ ∧b−1(Cmn)→ ∧a(Cmn)⊗ ∧b(Cmn)
whose co-kernel isWλ when λ has two columns. Finally, the above map gives us straighetning relations
which yield the construction of general Wλ when m = n = 2. Both, the construction of ∧
k(Cmn) and
the map ψa,b are deformations of the usual U1(glmn)-structures, at q = 1.
We use the standard model for Uq(gln) and its modules consisting of semi-standard young tableau,
see, e.g., [10]. Thus a basis for Vλ(C
mn) is identified with SS(λ,mn), i.e., semi-standard tableau of
shape λ with entries in [mn].
In Section 2, we set up notation and then construct the Uq(glm)⊗Uq(gln)-modules ∧
k. In Section
3, we construct a crystal basis for ∧k(Cmn) and show that signed column-tableaus do indeed form
a bi-crystal basis for the Uq(glm) ⊗ Uq(gln)-action thus validating the construction in [4]. Following
this, we move towards constructing the abstract module Wλ for general λ. Section 4 develops the
general line of argument and sets up the agenda. Section 5 proves some elementary properties of
Uq(glm)⊗ Uq(gln)-modules in the chosen basis parametrized by column tableaus. This is used for an
explicit construction of ψa,b. In Section 6, we show that for a special choice of ψ1,1, ψ2,1 and ψ1,2, we
obtain the Symk-case. We also construct here the crystal base for Symk. Finally, in Section 7, we
consider the m = n = 2 case and show that the above straightening laws yield Wλ for all λ (i.e., with
upto four rows).
The construction in this paper has many similarities with that in [17]. Indeed, our construc-
tion of the basic subspaces ∧2(Cmn) and Sym2(Cmn) of Cmn ⊗ Cmn is identical to that in [17].
There, these subspaces are used to construct the R-matrix and the dual algebra GLq(Cmn) and maps
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GLq(Cmn) → GLq(C
m) ⊗ GLq(C
n). The representation theory of GLq(Cmn) does not quite match
that of the standard GLq(C
mn) and thus the construction of Vλ(C
mn) must follow a different route.
Our construction starts with the same R-matrix but bypasses the construction of GLq(Cmn) to ar-
rive directly at a GLq(C
m)⊗GLq(C
n)-structure for ∧k(Cm). As in [17], we have the “compactness”
observation, see Proposition 40. However, many other structures of [17] are as yet missing. A point
of difference is that even in the m = n = 2 case, we see over-straightening in [17], while here, we do
manage to overcome it by a suitable choice of the maps ψ.
2 The Uq(glm)⊗ Uq(gln) structure for ∧
k(Cmn)
To begin, we lift almost verbatim, the initial parts of Section 2 of [10]. Uq(glN ) is the associative
algebra over C(q) generated by the 4N − 2 symbols ei, fi, i = 1, . . . , N − 1 and q
ǫi , q−ǫi , i = 1, . . . , N
subject to the relations:
qǫiq−ǫi = q−ǫiqǫi = 1, [qǫi , qǫj ] = 0
qǫiejq
−ǫi =


qej for i = j
q−1ej for i = j + 1
ej otherwise
qǫifjq
−ǫi =


q−1fj for i = j
qfj for i = j + 1
fj otherwise
[ei, fj] = δij
qǫiq−ǫi+1 − q−ǫiqǫi+1
q − q−1
[ei, ej] = [fi, fj ] = 0 for |i− j| > 1
eje
2
i − (q + q
−1)eiejei + e
2
i ej = fjf
2
i − (q + q
−1)fifjfi + f
2
i fj = 0 when |i− j| = 1
The subalgebra generated by ei, fi and
qhi = qǫiq−ǫi+1 q−hi = q−ǫiqǫi+1 for i = 1, . . . , N − 1
is denoted by Uq(slN ).
The Uq(glN) module V(1k) (henceforth ∧
k(CN )) is an
(
N
k
)
-dimensional C(q)-vector space with
basis {vc} indexed by the subsets c of [N ] with k elements, i.e., by Young Tableau of shape (1
k) with
entries in [N ]. The action of Uq(glN ) on this basis is given by
qǫivc =
{
vc if i 6∈ c
qvc otherwise
eivc =
{
0 if i+ 1 6∈ c or i ∈ c
vd otherwise, where d = c− {i+ 1}+ {i}
fivc =
{
0 if i+ 1 ∈ c or i 6∈ c
vd otherwise, where d = c− {i}+ {i+ 1}
In order to construct more interesting modules, we use the tensor product operation. Given two
Uq(glN)-modules M,L, we can define a Uq(glN)-structure on M ⊗ L by putting
qǫi(u ⊗ v) = qǫiu⊗ qǫiv
ei(u ⊗ v) = eiu⊗ v + q
−hiu⊗ eiv
fi(u ⊗ v) = fiu⊗ q
hiv + u⊗ fiv
Indeed, the Hopf map ∆ : Uq(glN )→ Uq(glN)⊗ Uq(glN ):
∆qǫi = qǫi ⊗ qǫi ,∆ei = ei ⊗ 1 + q
−hi ⊗ ei,∆fi = fi ⊗ q
hi + 1⊗ fi
is an algebra homomorphism and makes Uq(glN) into a bialgebra.
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2.1 Some basic lemmas
We consider the Uq(glmn)-module ∧
p(Cmn), i.e., the homomorphism Uq(glmn)→ EndC(q)(∧
p(Cmn)).
We gather together some lemmas on this particular action.
Lemma 1 On the module ∧p(Cmn), we have:
• e2i = 0 for all i.
• eiejei = 0 whenever |j − i| = 1.
• eifi+1 = ei+1fi = 0 for all i.
We have this important combinatorial lemma:
Lemma 2 Let σ = [σ1, . . . , σn] integers such that the set {σ1, . . . , σn} = {1, . . . , n}. Then, on the
module ∧p(Cmn), for the monomial eσ = eσ1 . . . eσn there exists positive integers k1, . . . , ks such that∑
i ki = n and
eσ = en−ks+1en−ks+2 . . . enen−ks−ks−1+1en−ks−ks−1+2 . . . en−ks . . . e1e2 . . . ek1
An important property of the re-ordering is that either (i) the position of ei is to the left of position
of ei−1 or (ii) is immediately to the right.
Example 3 We may verify that:
e2e6e7e3e5e1e4 = e6e7e5e2e3e4e1
with k1 = 1, k2 = 3, k3 = 1, k4 = 2.
Corollary 4 Let σ be a permutation on the set {i, . . . , j} then for the action on ∧p(Cmn) we have:
• if k < i− 1 or k > j + 1 then ekeσ = eσek.
• if i ≤ k ≤ j then ekeσ = eσek = 0.
• if k < i or k > j then fkeσ = eσfk.
For i < j, let Ei,j denote the term [ei, [ei+1, [. . . [ej−1, ej]]] and Fi,j denote [[[fj , fj−1], . . . , fi]].
Lemma 5
Ei,j(vc) =
{
(−1)|c∩[i+1,j]|vd if j + 1 ∈ c and i 6∈ c, where d = c− {j + 1}+ {i}
0 otherwise
Fi,j(vc) =
{
(−1)|c∩[i+1,j]|vd if j + 1 6∈ c and i ∈ c, where d = c− {i}+ {j + 1}
0 otherwise
Proof: We provide a detailed proof for Ei,j . The proof for Fi,j is similar.
We prove this by induction on j − i. The base case is when j − i = 0. Here, with the convention
that Ei,i = ei, the lemma follows from the definition of the operator ei.
For the inductive case (i.e. i < j), consider Ei,j = [ei, Ei+1,j ] = eiEi+1,j − Ei+1,jei. Thus,
Ei,j(vc) = eiEi+1,j(vc)− Ei+1,jei(vc)
Suppose that Ei+1,j(vc) = 0, so the first-term in the above expression is zero. Then, by the
induction hypothesis, either j + 1 6∈ c or i + 1 ∈ c.
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If i+ 1 6∈ c, then j + 1 6∈ c. Note that in this case, ei(vc) = 0. Thus, Ei,j(vc) = 0 and j + 1 6∈ c.
If j + 1 ∈ c, then i+ 1 ∈ c. In this case, if i ∈ c, then ei(vc) = 0 and thus, Ei,j(vc) = 0 and i ∈ c.
Therefore, we assume that i 6∈ c alongwith j + 1 ∈ c and i+ 1 ∈ c. So, we have
ei(vc) = vd where d = c− {i+ 1}+ {i}
As, j + 1 ∈ d and i+ 1 6∈ d, by induction hypothesis,
Ei+1,j(vd) = (−1)
|d∩[i+2,j]|ve where e = d− {j + 1}+ {i+ 1}
Therefore,
Ei,j(vc) = −Ei+1,jei(vc)
= −Ei+1,j(vd)
= −(−1)|d∩[i+2,j]|ve
= (−1)|c∩[i+1,j]|ve
The last equation follows from the fact that i + 1 ∈ c and d = c− {i + 1} + {i}. Also, observe that
e = c− {j + 1}+ {i}.
Now, we consider the case when Ei+1,j(vc) 6= 0. Then, by induction, we have that j + 1 ∈ c and
i+ 1 6∈ c. Further,
Ei+1,j(vc) = (−1)
|c∩[i+2,j]|vd where d = c− {j + 1}+ {i+ 1}
Note that, as i+ 1 6∈ c, ei(vc) = 0. Thus, in this case,
Ei,j(vc) = eiEi+1,j(vc)− Ei+1,jei(vc)
= ei((−1)
|c∩[i+2,j]|vd)
= (−1)|c∩[i+2,j]|ei(vd)
= (−1)|c∩[i+1,j]|ei(vd)
The last equality follows from the observation that i+ 1 6∈ c.
If i ∈ c, then i ∈ d as well and ei(vd) = 0, consequentially Ei,j(vc) = 0 as expected.
If i 6∈ c, then i 6∈ d as well. As i+ 1 ∈ d, we have
Ei,j(vc) = (−1)
|c∩[i+1,j]|ei(vd) = (−1)
|c∩[i+1,j]|ve
where e = d− {i+ 1}+ {i} = c− {j + 1}+ {i}.
Q.E.D.
Lemma 6 For i, j, i′, j′ , on ∧k(Cmn) we have:
(i) [Ei,j , Ei′,j′ ] = 0 unless either j
′ + 1 = i or j + 1 = i′.
(ii) [Fi,j , Ei′,j′ ] = 0 unless either j
′ = j or i′ = i.
(iii) Ei,jEi′,j′ = Ei′j′Eij = 0 if i = i
′ or j = j′.
(iv) Fi,jEi′,j′ = Ei′j′Fij = 0 if j + 1 = i
′ or i = j′ + 1.
2.2 Commuting actions on ∧k(Cmn)
We are now ready to define two actions, that of Uq(glm) and Uq(gln) on ∧
p(Cmn). This will consist
of some special elements (ELi , F
L
i , q
ǫLi ) and (ERk , F
R
k , q
ǫRk ) which will implement the action of Uq(slm)
and Uq(sln), respectively.
We consider the free Z-module E = ⊕mni=1Zǫi and define an inner product by extending < ǫi, ǫj >=
δi,j . Define κi,j ∈ E as ǫi − ǫj.
We note that:
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Lemma 7 For α ∈ E, we have:
• ejq
α = q<α,κj+1,j>qαej.
• fjq
α = q<α,κj,j+1>qαfj.
• Ei,jq
α = q<α,κj+1,i>qαEi,j .
Next, we define the left operators using:
Bki =
∑k−2
j=0 −hjm+i
Aki =
∑n−1
j=k hjm+i
We define the map φL : Uq(glm)→ Uq(glmn) as:
qǫ
L
i = φL(q
ǫi) =
∏n−1
j=0 q
ǫjm+i
ELi = φL(ei) = ei + q
−hiem+i + . . . (
∏n−2
j=0 q
−hjm+i)e(n−1)m+i
= qB
1
i ei + q
B2i em+i + . . . q
Bni e(n−1)m+i
FLi = φL(fi) = (
∏n−1
j=1 q
hjm+i)fi + . . .+ q
h(n−1)m+if(n−2)m+i + f(n−1)m+i
= qA
1
i fi + . . .+ q
A
n−1
i f(n−2)m+i + q
Ani f(n−1)m+i
Proposition 8 The map φL : Uq(glm)→ Uq(glmn) is an algebra homomorphism.
Proof: The embedding of φL : Uq(glm)→ Uq(glmn) actually comes from:
Uq(glm)
∆
−→ Uq(glm)⊗ . . . Uq(glm)→ Uq(glmn)
where (i) there are n copies in the tensor-product, and (ii) ∆ is the n-way Hopf. This verifies that φL
is an algebra map.
We define the right operators:
Definition 9
βki =
∑m
j=i+1 ǫkm+j −
∑m
j=i+1 ǫ(k−1)m+j
αki =
∑i−1
j=1 ǫi(k−1)m+j −
∑i−1
j=1 ǫkm+j
We define the “map” φR : Uq(gln)→ Uq(glmn) as:
φR(q
ǫRk ) =
∏m
i=1 q
ǫ(k−1)m+i
φR(E
R
k ) =
∑m
i=1 q
βki E(k−1)m+i,km+i−1
φR(F
R
k ) =
∑m
i=1 q
αki F(k−1)m+i,km+i−1
φR(h
R
k ) =
∑m
i=1 ǫ(k−1)m+i − ǫkm+i
Remark: φR serves merely to identify a set of elements in Uq(glmn) corresponding to the generators
of Uq(glm). Thus, while φL : Uq(glm) → Uq(glmn) is an algebra homomorphism, the corresponding
statement for Uq(gln) is not true. However, as we will show that the composites:
Uq(glm)
φL
−→ Uq(glmn) −→ EndC(q)(∧
p(Cmn))
Uq(gln)
φR
−→ Uq(glmn) −→ EndC(q)(∧
p(Cmn))
are commuting algebra homomorphisms making ∧p(Cmn) into a Uq(glm)⊗ Uq(gln)-module.
We will identify Cmn as Cm⊗Cn arranging the typical element in an m×n array, reading column-
wise from left to right, and within each column from top to bottom (see below). In this notation, see
Fig. 1 for individual terms of the left operators and Fig. 2 for the right operators.
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✻
qB
k
i e(k−1)m+i
1
-1 i
k
❄
qA
k
i f(k−1)m+i
-1 -1
1 1
Figure 1: Terms in the Left Operators
i
k
✛
qβ
k
i E(k−1)m+i,km+i−1
1
1
-1
-1
i
k
✲
qα
k
i F(k−1)m+i,km+i−1
-1
-1
1
1
Figure 2: Terms in the Right Operators
1 6 11 16
2 7 12 17
3 8 13 18
4 9 14 19
5 10 15 20
2.3 Proofs
For an operator O = qµEi,j (where µ ∈ E is arbitrary) let us define κ(O) = ǫj+1 − ǫi and for the
operator O = qµFi,j , we define κ(O) as ǫi − ǫj+1. We extend this notation so that Ei,i = ei (with
κ(Ei,i) = ǫi+1 − ǫi) and Fj,j = fj (with κ(Fj,j) = ǫj − ǫj+1).
We define L and R as two sets of operators:
L = {qB
k
i e(k−1)m+i, q
Aki f(k−1)m+i|1 ≤ i ≤ m− 1, 1 ≤ k ≤ n}
R = {qβ
k
i E(k−1)m+i,km+i−1, q
αki F(k−1)m+i,km+i−1|1 ≤ i ≤ m, 1 ≤ k ≤ n− 1}
Notice that we may write ELi =
∑
p lip and E
R
k =
∑
j rkj where lip ∈ L and rkj ∈ R. Whence
[ELi , E
R
k ] is expressible as lie-brackets of elements of L and R. Of course, we wish to show that
[ELi , E
R
k ] and its three cousins are actually zero.
Lemma 10 For any L ∈ L and any R ∈ R if 〈κ(L), κ(R)〉 ≥ 0 then [L,R] = 0.
Proof: We first take the case when 〈κ(L), κ(R)〉 = 0. We take for example L = qB
k′
i′ e(k′−1)m+i′ and
R = qα
k
i F(k−1)m+i,km+i−1. The condition 〈κ(L), κ(R)〉 = 0 implies (see Figs. 1, 2) that
F(k−1)m+i,km+i−1q
Bk
′
i′ = qB
k′
i′ F(k−1)m+i,km+i−1
e(k′−1)m+i′q
αki = qα
k
i e(k′−1)m+i′
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i-1
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❄✲
i
i-1
kk-1
✛✻
i
i-1
kk-1
✻
✲
i
i-1
kk-1
✲
❄
i
i-1
kk-1
❄✛
Figure 3: The Eight Non-Commuting Terms
Whence
[L,R] = qB
k′
i′
+αki [e(k′−1)m+i′ , e(k−1)m+i,km+i−1] = 0
where the last equality follows from Lemma 6 (ii).
For the case with 〈κ(L), κ(R)〉 = 1, Lemma 6, parts (iii),(iv), immediately implies an even stronger
claim. Q.E.D.
Thus the only non-commuting (L,R) pairs are shown in Fig. 3.
By lemma 10, for the purpose of showing commutation we may as well assume that n = m = 2.
The following argument assumes n = 2 but retains m for notational convenience. In other words, we
have:
ELi = ei + q
−hiem+i
FLi = q
hifi + fm+i
For i = 1, . . . ,m define βi, αi ∈ E as
βi =
∑m
j=i+1 ǫm+j −
∑m
j=i+1 ǫj
αi =
∑i−1
j=1 ǫj −
∑i−1
j=1 ǫm+j
Next, define
ER =
∑m
i=1 q
βiEi,m+i−1
FR =
∑m
i=1 q
αiFi,m+i−1
hR =
∑m
i=1 ǫi − ǫm+i
Note that ER1 = E
R, FR1 = F
R and hR1 = h
R.
Lemma 11 For 1 ≤ i ≤ m−1,
• [ei, q
βi+1Ei+1,m+i] = q
βi+1Ei,m+i.
• [q−hiem+i, q
βiEi,m+i−1] = qq
βi−hi [em+i, Ei,m+i−1].
Proof: We prove the first assertion below. We start with analyzing
[ei, q
βi+1Ei+1,m+i] = eiq
βi+1Ei+1,m+i − q
βi+1Ei+1,m+iei
= q<βi+1,−hi>qβi+1eiEi+1,m+i − q
βi+1Ei+1,m+iei
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A small calculation shows that < βi+1,−hi >= 0. Therefore,
[ei, q
βi+1Ei+1,m+i] = q
βi+1(eiEi+1,m+i − Ei+1,m+iei)
= qβi+1Ei,m+i
Now, we turn to the second claim. Towards this, we expand [q−hiem+i, q
βiEi,m+i−1] as
= q−hiem+iq
βiEi,m+i−1 − q
βiEi,m+i−1q
−hiem+i
= q−hiq<βi,−hm+i>qβiem+iEi,m+i−1 − q
βiq<−hi,κm+i,i>q−hiEi,m+i−1em+i
We observe that < βi,−hm+i >= 1 and < −hi, κm+i,i >= 1. Therefore,
[q−hiem+i, q
βiEi,m+i−1] = q
βi−hi (qem+iEi,m+i−1 − qEi,m+i−1em+i)
= q.qβi−hi [em+i, Ei,m+i−1]
Q.E.D.
Lemma 12 [ELi , E
R] = 0
Proof:
[ELi , E
R] = [ei + q
−hiem+i,
∑m
j=1 q
βjEj,m+j−1]
= [ei, q
βi+1Ei+1,m+i] + [q
−hiem+i, q
βiEi,m+i−1]
= qβi+1Ei,m+i + qq
βi−hi (em+iEi,m+i−1 − Ei,m+i−1em+i)
As βi = βi+1 + ǫm+i+1 − ǫi+1, βi − hi = βi+1 + ǫm+i+1 − ǫi = βi+1 + κm+i+1,i.
[ELi , E
R] = qβi+1 (Ei,m+i + q.q
κm+i+1,i (em+iEi,m+i−1 − Ei,m+i−1em+i))
Now we evaluate the outer bracket at vc. So, we are looking at (∗)
Ei,m+i(vc) + q.q
κm+i+1,i (em+iEi,m+i−1(vc)− Ei,m+i−1em+i(vc))
If m + i + 1 6∈ c, then all the three terms in the above expression evaluate to 0. The middle term
certainly evaluates to 0 after the application of em+i (even if Ei,m+i−1(vc) 6= 0).
Similarly, if i ∈ c, then all the three terms evaluate to 0.
So, henceforth, we work with the assumption that m+ i+ 1 ∈ c and i 6∈ c.
Now, we consider the case where m + i ∈ c. In this case, with c1 = c − {m + i + 1} + {i} and
c2 = c− {m+ i}+ {i}, (∗) evaluates to
∗ = (−1)|c∩[i+1,m+i]|vc1 + q.q
κm+i+1,iem+i
(
(−1)|c∩[i+1,m+i−1]|vc2
)
= (−1)|c∩[i+1,m+i−1]| (−vc1 + q.q
κm+i+1,ivc1)
= (−1)|c∩[i+1,m+i−1]|
(
−vc1 + q.
1
q
vc1
)
= 0
Now, we consider the remaining case where m+ i 6∈ c. In this case, with the notation c1 = c− {m+
i+ 1}+ {i} and c2 = c− {m+ i+ 1}+ {m+ i}, (∗) evaluates to
∗ = (−1)|c∩[i+1,m+i]|vc1 − q.q
κm+i+1,iEi,m+i−1(vc2)
= (−1)|c∩[i+1,m+i]|vc1 − q.q
κm+i+1,i
(
(−1)|c2∩[i+1,m+i−1]|vc1
)
= (−1)|c∩[i+1,m+i−1]| (vc1 − q.q
κm+i+1,ivc1)
= (−1)|c∩[i+1,m+i−1]|
(
vc1 − q.
1
q
vc1
)
= 0
Q.E.D.
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Lemma 13 For 1 ≤ i ≤ m− 1,
• [fiq
hm+i , qβiEi,m+i−1] = qq
hm+i+βi [fi, Ei,m+i−1].
• [fm+i, q
βi+1Ei+1,m+i] = q
βi+1 [fm+i, Ei+1,m+i].
Proof: We start by proving the first claim.
[fiq
hm+i , qβiEi,m+i−1] = fiq
hm+iqβiEi,m+i−1 − q
βiEi,m+i−1fiq
hm+i
fiq
hm+iqβiEi,m+i−1 = q
<hm+i+βi,κi,i+1>qhm+i+βifiEi,m+i−1
= qqhm+i+βifiEi,m+i−1
qβiEi,m+i−1fiq
hm+i = qβiEi,m+i−1q
<hm+i,κi,i+1>qhm+ifi
= q<hm+i,κi,i+1+κm+i,i>qhm+i+βiEi,m+i−1fi
= qqhm+i+βiEi,m+i−1fi
Thus,
[fiq
hm+i , qβiEi,m+i−1] = qq
hm+i+βi(fiEi,m+i−1 − Ei,m+i−1fi)
= qqhm+i+βi [fi, Ei,m+i−1]
Now, we turn to the second claim.
[fm+i, q
βi+1Ei+1,m+i] = fm+iq
βi+1Ei+1,m+i − q
βi+1Ei+1,m+ifm+i
fm+iq
βi+1Ei+1,m+i = q
<βi+1,κm+i,m+i+1>qβi+1fm+iEi+1,m+i
= qβi+1fm+iEi+1,m+i
Thus,
[fm+i, q
βi+1Ei+1,m+i] = q
βi+1fm+iEi+1,m+i − q
βi+1Ei+1,m+ifm+i
= qβi+1 [fm+i, Ei+1,m+i]
Lemma 14 [FLi , E
R] = 0
Proof:
[FLi , E
R] = [fiq
hm+i + fm+i,
∑m
j=1 q
βjEj,m+j−1]
= [fiq
hm+i , qβiEi,m+i−1] + [fm+i, q
βi+1Ei+1,m+i]
= qqhm+i+βi [fi, Ei,m+i−1] + q
βi+1 [fm+i, Ei+1,m+i]
As βi = βi+1 + ǫm+i+1 − ǫi+1, βi + hm+i = βi+1 + ǫm+i − ǫi+1 = βi+1 + κm+i,i+1.
[ELi , E
R] = qβi+1 (qqκm+i,i+1 [fi, Ei,m+i−1] + [fm+i, Ei+1,m+i])
Now we evaluate the outer bracket at vc. So, we are looking at (∗)
qqκm+i,i+1 (fiEi,m+i−1(vc)− Ei,m+i−1fi(vc)) + fm+iEi+1,m+i(vc)− Ei+1,m+ifm+i(vc)
If m+ i 6∈ c, then all the four terms in the above expression evaluate to 0. Similarly, if i+1 ∈ c, then
all the four terms evaluate to 0.
So, henceforth, we work with the assumption that m+ i ∈ c and i + 1 6∈ c.
Now, we consider the case where i ∈ c. In this case, the first term evaluates to 0. If we further
assume that m+ i+1 6∈ c, then the third term also evaluates to 0. Overall, with c1 = c−{i}+ {i+1}
and c2 = c− {m+ i}+ {m+ i+ 1}, (∗) evaluates to
∗ = −qqκm+i,i+1Ei,m+i−1(vc1)− Ei+1,m+i(vc2)
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With the notation d = c− {m+ i}+ {i+ 1},
∗ = −qqκm+i,i+1(−1)|c1∩[i+1,m+i−1]|vd − (−1)
|c2∩[i+2,m+i]|vd
= (−1)|c∩[i+2,m+i−1]| (qqκm+i,i+1vd − vd)
= (−1)|c∩[i+2,m+i−1]|
(
q 1
q
vd − vd
)
= 0
Now we work with the assumptions i ∈ c and m + i + 1 ∈ c and evaluate (∗). With these
assumptions, the first and the last term of (∗) evaluate to 0. Here, with c1 = c − {i} + {i + 1},
c2 = c− {m+ i+ 1}+ {i+ 1} and d = c− {m+ i}+ {i+ 1}, (∗) evaluates to
∗ = −qqκm+i,i+1Ei,m+i−1(vc1) + fm+i((−1)
|c∩[i+2,m+i]|vc2)
= −qqκm+i,i+1(−1)|c1∩[i+1,m+i−1]|vd + (−1)
|c∩[i+2,m+i]|vd
= (−1)|c∩[i+2,m+i−1]| (qqκm+i,i+1vd − vd)
= (−1)|c∩[i+2,m+i−1]|
(
q 1
q
vd − vd
)
= 0
Now we consider the case with i 6∈ c. In this case, the second term in (∗) evaluates to 0. As
before, if we further assume that m+ i+1 6∈ c, then the third term also evaluates to 0. Overall, with
c1 = c− {m+ i}+ {i}, c2 = c− {m+ i}+ {m+ i+ 1}, and d = c− {m+ i}+ {i+ 1},
∗ = qqκm+i,i+1fi((−1)
|c∩[i+1,m+i−1]|vc1)− Ei+1,m+i(vc2)
= qqκm+i,i+1(−1)|c∩[i+1,m+i−1]|vd − (−1)
|c2∩[i+2,m+i]|vd
= (−1)|c∩[i+2,m+i−1]| (qqκm+i,i+1vd − vd)
= (−1)|c∩[i+2,m+i−1]|
(
q 1
q
vd − vd
)
= 0
For the only remaining case, we have the assumptions i 6∈ c and m + i + 1 ∈ c. Here, with
c1 = c− {m+ i}+ {i}, c2 = c− {m+ i+ 1}+ {i+ 1} and d = c− {m+ i}+ {i+ 1}, (∗) evaluates to
∗ = qqκm+i,i+1fi((−1)
|c∩[i+1,m+i−1]|vc1) + fm+i((−1)
|c∩[i+2,m+i]|vc2)
= qqκm+i,i+1(−1)|c∩[i+1,m+i−1]|vd + (−1)
|c∩[i+2,m+i]|vd
= (−1)|c∩[i+2,m+i−1]| (qqκm+i,i+1vd − vd)
= (−1)|c∩[i+2,m+i−1]|
(
q 1
q
vd − vd
)
= 0
Q.E.D.
We have shown that [ELi , E
R] = 0 and [FLi , E
R] = 0. One can similarly show that [ELi , F
R] =
[FLi , F
R] = 0. We now prepare towards proving [FR, ER] = (q
−hR − qh
R
)/(q − q−1).
Lemma 15 For i 6= j, we have:
[qαiFi,m+i−1, q
βjEj,m+j−1] = 0
Proof:
[qαiFi,m+i−1, q
βjEj,m+j−1] = q
αiFi,m+i−1q
βjEj,m+j−1 − q
βjEj,m+j−1q
αiFi,m+i−1
= qαi+βj(qβj(i)−βj(m+i)Fi,m+i−1Ej,m+j−1 − q
αi(m+j)−αi(j)Ej,m+j−1Fi,m+i−1)
= qaqαi+βj [Fi,m+i−1, Ej,m+j−1]
for an appropriate integer a depending on the whether i ≤ j or not. Now, the only material case for
vc is when i,m+ j ∈ c and j,m+ i 6∈ c. We may then verify that [Fi,m+i−1, Ej,m+j−1]vc = 0. Q.E.D.
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Lemma 16 For 1 ≤ i ≤ m
[qαiFi,m+i−1, q
βiEi,m+i−1] = q
αi+βi [Fi,m+i−1, Ei,m+i−1]
[qαiFi,m+i−1, q
βiEi,m+i−1] = q
αiFi,m+i−1q
βiEi,m+i−1 − q
βiEi,m+i−1q
αiFi,m+i−1
= qαi+βi(qβi(i)−βi(m+i)Fi,m+i−1Ei,m+i−1 − q
αi(m+i)−αi(i)Ei,m+i−1Fi,m+i−1)
= qαi+βi [Fi,m+i−1, Ei,m+i−1]
This proves the lemma. Q.E.D.
Define δj = ǫj − ǫm+j and let vc ∈ ∧
p(Cmn).
Lemma 17
(q − q−1)[Fi,m+i−1, Ei,m+i−1]vc = (q
−δi − qδi)vc
Proof: If both i,m+ i ∈ c or both i,m+ i 6∈ c then the equality clearly holds. Now if i ∈ c,m+ i 6∈ c
then qδivc = qvc and we have:
(q − q−1)[Fi,m+i−1, Ei,m+i−1]vc = (q − q
−1)(−vc)
= (q−δi − qδi)vc
On the other hand, if i 6∈ c,m+ i ∈ c, then qδivc = q
−1vc and we have:
(q − q−1)[Fi,m+i−1, Ei,m+i−1]vc = (q − q
−1)(vc)
= (q−δi − qδi)vc
This proves the lemma.
We now prove:
Proposition 18 Let hR =
∑m
i=1 ǫi − ǫm+i then
[FR, ER] =
q−hR − qhR
q − q−1
Proof: By the above lemmas, we have:
[FR, ER] =
∑m
i=1 q
αi+βi [Fi,m+i−1, Ei,m+i−1]
Whence
(q − q−1)[FR, ER]vc =
∑m
i=1(q
−δi − qδi)qαi+βivc
=
∑m
i=1 q
αi+βi−δivc − q
αi+βi+δivc
Now
αi + βi = (
i−1∑
j=1
δj)− (
m∑
j=i+1
δj)
and thus
αi + βi − δi = αi−1 + βi−1 + δi−1 = (
i−1∑
j=1
δj)− (
m∑
j=i
δj)
Consequently
(q − q−1)[FR, ER]vc =
∑m
i=1(q
−δi − qδi)qαi+βivc
=
∑m
i=1 q
αi+βi−δivc − q
αi+βi+δivc
= (qα1+β1−δ1 − qαm+βm+δm)vc
= (q−hR − qhR)vc
This proves the proposition. Q.E.D.
We next prove the braid identity.
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Definition 19 For i = 1, . . . ,m define βi, αi ∈ E as
βi =
∑m
j=i+1 ǫm+j −
∑m
j=i+1 ǫj
β∗i =
∑m
j=i+1 ǫ2m+j −
∑m
j=i+1 ǫm+j
Next, define
ER =
∑m
i=1 q
βiEi,m+i−1
E∗R =
∑m
i=1 q
β∗i Em+i,2m+i−1
Note that E∗R = ER2 . We will show that:
(ER)2E∗R − (q + q−1)ERE∗RER + E∗R(ER)2 = 0
We define gi = q
βiEi,m+i−1 and g
∗
j = q
β∗jEm+j,2m+j−1.
Lemma 20 For distinct i, j, k ∈ [m] and on ∧p(Cmn), we have that
(gigj + gjgi)g
∗
k − (q + q
−1)(gig
∗
kgj + gjg
∗
kgi) + g
∗
k(gigj + gjgi) = 0
Proof: Let us prove this in several cases. In all cases, we will use:
Ei,m+i−1q
βj =
{
q2qβjEi,m+i−1 if i > j
qβjEi,m+i−1 if i ≤ j
Ei,m+i−1q
β∗j =
{
q−1qβ
∗
jEi,m+i−1 if i > j
qβ
∗
jEi,m+i−1 if i ≤ j
Em+i,2m+i−1q
βj =
{
q−1qβjEi,m+i−1 if i > j
qβjEi,m+i−1 if i ≤ j
We first consider the case i < j < k and vc such that v = Ei,m+i−1Ej,j+m−1Em+k,2m+k−1vc, where,
by Lemma 6, the sequence of the operators does not matter. Note further that gigjg
∗
k(vc) = v
∗ = qa ·v.
We suppress the factor qa uniformly in this proof and in the next lemma as well. We see that:
(gigj + gjgi)g
∗
kvc = (1 + q
2)Ei,m+i−1Ej,j+m−1Em+k,2m+k−1vc
= (1 + q2)v
g∗k(gigj + gjgi)vc = (q
−2 + q2 · q−2)Ei,m+i−1Ej,j+m−1Em+k,2m+k−1vc
= (q−2 + 1)v
(gig
∗
kgj + gjg
∗
kgi)vc = (q
−1 + q−1 · q2)Ei,m+i−1Ej,j+m−1Em+k,2m+k−1vc
= (q−1 + q)v
This proves the assertion for i < j < k.
Next, let us consider i < k < j:
(gigj + gjgi)g
∗
kvc = (q
−1 + q)v
g∗k(gigj + gjgi)vc = (q
−1 + q)v
(gig
∗
kgj + gjg
∗
kgi)vc = 2v
This proves the assertion for i < k < j.
Next, let us consider k < i < j:
(gigj + gjgi)g
∗
kvc = (1 + q
−2)v
g∗k(gigj + gjgi)vc = (1 + q
2)v
(gig
∗
kgj + gjg
∗
kgi)vc = (q + q
−1)v
This proves the assertion for k < i < j and completes the proof of the lemma. Q.E.D.
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Lemma 21 For distinct i, j ∈ [m] and on ∧p(Cmn), we have that
(gigj + gjgi)g
∗
i − (q + q
−1)(gig
∗
i gj + gjg
∗
i gi) + g
∗
i (gigj + gjgi) = 0
Proof: There are two cases to consider, viz., gig
∗
i vc = 0 and g
∗
i givc = 0. Let us consider the first
case, i.e., gig
∗
i vc = 0, in which case we need to show:
−(q + q−1)gjg
∗
i gi + g
∗
i (gigj + gjgi) = 0
Let v be such that Em+i,2m+i−1Ei,m+i−1Ej,m+j−1vc = v (see comment in proof of Lemma 20). We
see that for j > i:
g∗i (gigj + gjgi)vc = (1 + q
2)v
gjg
∗
i givc = qv
This proves the lemma for j > i. Next, for j < i, with v = Ej,m+j−1Em+i,2m+i−1Ei,m+i−1vc and we
have:
g∗i (gigj + gjgi)vc = (q + q
−1)v
gjg
∗
i givc = v
This proves the case when gig
∗
i vc = 0. The other case is similarly proved. Q.E.D.
Proposition 22 For ER = ER1 and E
∗R = ER2 , we have:
(ER)2E∗R − (q + q−1)ERE∗RER + E∗R(ER)2 = 0
Proof: Let
B = (ER)2E∗R − (q + q−1)ERE∗RER + E∗R(ER)2
For a given vc, we look at B · vc and classify the result by the Uq(glmn) weight. We see that the
allowed weights are wt(vc)− κm+i,i − κm+j,j − κm+k,k for various i, j, k. Further, we see that:
ER =
∑m
i=1 gi
E∗R =
∑m
i=1 g
∗
i
is a separation of ER and E∗R by Uq(glmn)-weights. Therefore showing B · vc = 0 amounts to various
cases on i, j, k. The main cases are settled by Lemmas 20, 21. Other cases are easier. Q.E.D.
Proposition 23 The map φR : Uq(gln) → EndC(q)(∧
p(Cmn)) is an algebra homomorphism. At
q = 1, φR factorizes through Uq(glmn), i.e.,
φR(1) : U1(gln)→ U1(glmn)→ EndC(∧
p(Cmn))
The proof is obvious. The family {ERk , F
R
k , q
ǫRk } satisfy all the properties for Uq(gln). Also note that
at q = 1, φR(1) reduces to the standard injection which commutes with φL(1).
3 The crystal basis for ∧K
In this section we examine the crystal structure (see [11, 12]) of the Uq(glm) ⊗ Uq(gln)-module
∧K(Cm×n). We show that there is a sign function sign∗ on K-subsets of [mn] such that the col-
lection B∗ = {sign∗(c) · vc}c is a crystal basis for ∧
K .
We identify [mn] with [m]× [n] and also order the elements as follows:
(1, 1) ≺ (2, 1) ≺ . . . (m, 1) ≺ (1, 2) ≺ . . . (m− 1, n) ≺ (m,n)
In other words (i, j) ≺ (i′, j′) iff either j < j′ or j = j′ with i < i′. For (i, j) ≺ (i′, j′), we denote by
[(i, j), (i′, j′)] as the indices between (i, j) and (i′, j′) including both (i, j) and (i′, j′).
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Recall that (cf. Section 2), as a C(q)-vector space, ∧K(Cmn) is generated by the basis vectors
B = {vc|c ⊆ [mn], |c| = K}. Let us fix an index i and look at the sub-algebra U
L
i of Uq(glm) generated
by ELi , F
L
i and h
L
i . We define the standard Uq(sl2) generated by symbols e, f, h satisfying the following
equations:
qhq−h = 1
qheq−h = q2e
qhfq−h = q−2f
ef − fe = e
h−e−h
q−q−1
We use the Hopf ∆:
∆qh = qh ⊗ qh,∆e = e⊗ 1 + q−h ⊗ e,∆f = f ⊗ qh + 1⊗ f
In other words, they satisfy exactly the same relations that eLi , f
L
i , h
L
i satisfy, including the Hopf.
Clearly, ULi is isomorphic to Uq(sl2) as algebras and we denote this isomorphism by L : U
L
i → Uq(sl2).
We construct the Uq(sl2)-module C
2 with basis x1, x2 with the action:
ex2 = x1, ex1 = 0, fx2 = 0, fx1 = x2, q
hx1 = qx1, q
hx2 = q
−1x2
With the Hopf ∆ above, M = ⊗Ni=1C
2 is a Uq(sl2)-module with the basis S = {y1 ⊗ . . .⊗ yN |yi ∈
{x1, x2}}, and with the action:
e(y1 ⊗ . . . yN ) =
∑
j
(
j−1∏
k=1
q−h(yk)) · y1 ⊗ . . .⊗ yj−1 ⊗ e(yj)⊗ yj+1 ⊗ . . .⊗ yN
A similar expression may be written for the action of f .
Let us identify [mn] with [m] × [n] and define the signature σLi (c), for c ⊆ [mn]. Towards this,
we define
I(c) = {1 ≤ j ≤ n | both (i, j), (i+ 1, j) ∈ c}
J(c) = {1 ≤ j ≤ n | both (i, j), (i+ 1, j) 6∈ c}
S(c) = {(i′, j′) ∈ c | i′ 6= i and i′ 6= i+ 1}
The signature σLi (c) is the tuple (I(c), J(c), S(c)).
Next, for a σ = (I, J, S), we define the vector space V Lσ,i as the C(q)-span of all elements
BLσ,i = {vc | σ
L
i (c) = σ}
Let N = n− |I| − |J | and let M = ⊗NC2 be the Uq(sl2)-module as above.
We prove the following:
Proposition 24 Given σ = (Iσ, Jσ, Sσ) as above,
(i) V Lσ,i is a U
L
i -invariant subspace.
(ii) The Uq(sl2) module M is isomorphic to the U
L
i -module V
L
σ,i via the isomorphism L above.
Proof: For any vc ∈ B
L
σ,i, if E
L
i (vc) =
∑
α(c′) · vc′ , then it is clear that vc′ ∈ B
L
σ,i as well. The same
holds for FLi and h
L
i . This proves (i) above. For (ii), first note that
ELi =
∑
j
(
j−1∏
k=1
q−h(k−1)m+i)e(j−1)m+i
which matches the Hopf ∆ of Uq(sl2). Next, if j ∈ I(c) ∪ J(c) then the index j is irrelevant to the
action of ELi on vc, whence in the restriction to V
L
σ,i, the indices in Iσ ∪ Jσ do not play a role.
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Next, note that |BLσ,i| = 2
N . Assume for simplicity that Iσ ∪Jσ = {N +1, . . . , n}. Indeed, we may
set up a Uq(sl2)-module isomorphism ιL by setting
ιL(vc) = y1 ⊗ . . .⊗ yN such that yk =
{
x1 iff (i, k) ∈ c
x2 otherwise
One may verify that ιL : V
L
σ,i →M is indeed equivariant via L. Q.E.D.
Proposition 25 The elements B is a crystal basis for ∧K(Cmn) for the action of Uq(glm).
Proof: This is obtained by first noting that S is indeed a crystal basis for M , see [11], for example.
Next, the equivariance of ιL shows that for vc ∈ B
L
σ,i,
∼
ELi (vc) = ι
−1
L (
∼
e (ιL(vc)))
This proves that BLσ,i is indeed a crystal basis for V
L
σ,i. Next, by applying Proposition 24 for all i and
all σ, we see that {Bσσ,i|i, σ} together cover B. Q.E.D.
We now move to the trickier Uq(gln)-action. Let us denote by ǫi,j the weight ǫ(j−1)∗m+i and
hi,j = ǫi,j − ǫi,j+1. There are two sources of complications.
• The operator ERk may be re-written as:
ERk =
∑
i
m∏
a=i+1
(q−ha,k)E(k−1)m+i,km+i−1 =
∑
i
E(k−1)m+i,km+i−1(
m∏
a=i+1
q−ha,k)
Thus, the Hopf works from the “right”.
• For a general vc, if E(k−1)m+i,km+i−1vc is non-zero then it is ±vd, where vd = vc−(i, k+1)+(i, k)
where the sign is (−1)M where M is the number of elements in c∩ [(i+1, k), . . . , (i− 1, k+ 1)].
To fix the sign, we first define an “intermediate global” sign as follows. For a set c ⊂ [m] × [n],
we define c∗ ⊂ [m]× [n] as that obtained by moving the elements of c to the right, as far as they can
go (see Example 30). Note that FRk (c
∗) = 0 for all k and thus c∗ is one of the lowest weight vectors
in ∧K(Cmn). For an (i, j) ∈ c, let (i, j∗) be its final position in c∗. We may define j∗ explicitly as
n− |{j′|(i, j′) ∈ c, j′ > j}|. Next, we define for (i, j) ∈ c,
Si,j(c) = {(i
′, j′) ∈ c | (i, j) ≺ (i′, j′) ≺ (i′, j′∗) ≺ (i, j∗)}
nij = |Si,j(c)|
Setting Nc =
∑
(i,j)∈c nij we finally define:
sign(c) = (−1)Nc
sign(d/c) = sign(d)/sign(c)
Lemma 26 Let vc ∈ B
R
σ,k be such that E(k−1)m+i,km+i−1vc 6= 0, then
E(k−1)m+i,km+i−1vc = sign(d/c)vd
where vd = vc − (i, k + 1) + (i, k).
Proof: It is clear that c∗ = d∗ and thus for (i, k + 1) ∈ c and (i, k) ∈ d, let (i, k∗) be the final
position of both (i, k + 1) ∈ c and (i, k) ∈ d. For (i, k + 1) ≺ (i′, j′) or (i′, j′) ≺ (i, k) we have (i)
Si′,j′(c) = Si′,j′(d) and (ii) (i
′, j′) ∈ Si,k+1(c) iff (i
′, j′) ∈ Si,k(d).
Next, it is clear that (i) Si,k(d) ⊇ Si,k+1(c), and (ii) for (i, k) ≺ (i
′, j′) ≺ (i, k + 1), Si′,j′(d) ⊆
Si′,j′(c) and in fact, Si′,j′(c)− Si′,j′(d) can atmost be the element (i, k + 1).
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Now let us look at Si,k(d)− Si,k+1(c). These contain all (i
′, j′) ∈ c such that
(i, k) ≺ (i′, j′) ≺ (i, k + 1) ≺ (i′, j′∗) ≺ (i, k∗)
On the other hand, for (i′, j′) ∈ c such that (i, k) ≺ (i′, j′) ≺ (i, k + 1), which are not counted above,
it must be that (i, k∗) ≺ (i′, j′∗) in which case, Si′,j′(c) = Si′,j′(d) ∪ {(i, k + 1)}.
In short, for every (i′, j′) ∈ c such that (i, k) ≺ (i′, j′) ≺ (i, k + 1) either it contributes to an
increment in Si,k(d) over Si,k+1(c) or a decrement in Si′,j′(d) over Si′,j′(c). Ofcourse, the two cases
are exclusive.
Thus we have sign(d)/sign(c) = (−1)M where M is exactly the number of elements in c ∩ [(i +
1, k), . . . , (i − 1, k + 1)]. Q.E.D.
Next, we define a new Hopf ∆′ on Uq(sl2) as
∆′qh = qh ⊗ qh,∆′e = 1⊗ e+ e⊗ q−h,∆′f = qh ⊗ f + f ⊗ 1
We denote byM ′, the Uq(sl2)-module ⊗
N
C
2 via the Hopf ∆′ and with the basis S = {y1⊗. . .⊗yN |yi ∈
{x1, x2}}. Under ∆
′ we have:
e(y1 ⊗ . . . yN ) =
∑
j
(
N∏
k=j+1
q−h(yk)) · y1 ⊗ . . .⊗ yj−1 ⊗ e(yj)⊗ yj+1 ⊗ . . .⊗ yN
We denote by URk the algebra generated by E
R
k , F
R
k , h
R
k and let R : U
R
k → Uq(sl2) be the natural
isomorphism.
As before, we define σRk (c) analogously as
I(c) = {1 ≤ i ≤ m | both (i, k), (i, k + 1) ∈ c}
J(c) = {1 ≤ i ≤ m | both (i, k), (i, k + 1) 6∈ c}
S(c) = {(i′, k′) ∈ c | k′ 6= k and k′ 6= k + 1}
Next, for a σ = (I, J, S), we define the vector space V Rσ,k as the C(q)-span of all elements
BRσ,k = {vc | σ
R
k (c) = σ}
Again, as before, letN = n−|I|−|J |. Let us also assume, for simplicity that I∪J = {N+1, . . . ,m}.
Proposition 27 Given σ as above,
(i) V Rσ,k is a U
R
k -invariant subspace.
(ii) The Uq(sl2) module M
′ is isomorphic to the URk -module V
R
σ,k via the isomorphism R above.
Proof: Part (i) above is obvious. For (ii), note that
ERk =
∑
i
E(k−1)m+i,km+i−1(
m∏
a=i+1
q−ha,k)
which matches the Hopf ∆′ of Uq(sl2). Again, if j ∈ I(c) ∪ J(c) then the index j is irrelevant to the
action of ERk on vc, whence in the restriction to V
R
σ,k, the indices in I ∪ J do not play a role.
Next, note that |BRσ,k| = 2
N . Recall that, we have assumed that I ∪ J = {N + 1, . . . ,m}. Indeed,
we may set up a Uq(sl2)-module isomorphism ιR by setting
ιR(vc) = sign(c) · y1 ⊗ . . .⊗ yN such that yi =
{
x1 iff (i, k) ∈ c
x2 otherwise
One may verify (using Lemma 26) that ιR : V
R
σ,k →M
′ is indeed equivariant via R. Q.E.D.
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Proposition 28 Let B′ = {sign(b) ·vb|b ∈ B} be “signed” elements. Then the elements B
′ is a crystal
basis for ∧K(Cmn) for the action of Uq(gln). In other words
∼
ERk (vc) = ±vd ∪ 0.
Proof: Let B′
R
σ,k be the “signed” elements of B
R
σ,k. We first note that S continues to be a crystal
basis for M ′. Next, the equivariance of ιR shows that for vc ∈ B
′R
σ,k,
∼
ERk (vc) = ι
−1
R (
∼
e (ιR(vc)))
This proves that B′
R
σ,k is indeed a crystal basis for V
R
σ,k.
Thus, keeping in mind that the signs are alloted by our global sign-function and, by considering
all σ and all k, we obtain the assertion. Q.E.D.
We now define our final global sign sign∗(b) as follows. Firstly, let S = {b | FLi vb = F
R
k vb = 0}.
These are the lowest weight vectors for both the left and the right action. We see that:
• For any b ∈ S, we have b∗ = b.
• If wti(b) denotes the cardinality of the set {(i, k)|(i, k) ∈ b}, then wt1(b) ≤ . . . ≤ wtm(b).
We define sign∗(b) = sign(b) for all b such that b∗ ∈ S. Next, for a c such that c∗ 6∈ S, we induc-
tively (by (wti) above) define sign
∗(c) = sign∗(
∼
FLi (vc)) where
∼
FLi (vc) 6= 0. By the commutativity
of
∼
FLi with
∼
FRk , we see that sign
∗(c) is well defined over all K-subsets of [m]× [n].
Let v∗b = sign
∗(b) · vb and let B
∗ = {v∗b |vb ∈ B}.
Proposition 29 The elements B∗ is a crystal basis for ∧K(Cmn) for the action of both Uq(gln) and
Uq(glm). In other words
∼
ERk (v
∗
c ) ∈ B
∗ ∪ 0. and
∼
ELi (v
∗
c ) ∈ B
∗ ∪ 0.
Proof: The proof follows from the commutativity condition and the well-defined-ness of sign∗. Q.E.D.
Example 30 Let us consider ∧2(C2×2) whose six elements, their matrix notation, and signs are given
below:
c matrix c∗ sign∗(c∗) sign∗(c)
1
2
1 0
1 0
0 1
0 1
1 1
1
3
1 1
0 0
1 1
0 0
1 1
1
4
1 0
0 1
0 1
0 1
1 1
2
3
0 1
1 0
0 1
0 1
1 −1
2
4
0 0
1 1
0 0
1 1
1 1
3
4
0 1
0 1
0 1
0 1
1 1
For a b ⊆ [m]× [n] define the (wedge) left word WLW (b) as the i-indices of all elements (i, k) ∈ b,
read bottom to top within a column, reading the columns left to right. Similarly, define the right
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word WRW (b) as the k-indices of all elements (i, k) ∈ b, read right to left within a row, reading the
rows from bottom to top. For a word w, let rs(w) be the Robinson-Schenstead tableau associated
with w, when read from left to right. Define the left tableau WLT (b) = rs(WLW (b)) and the right
tableau as WRT (b) = rs(WRW (b)).
Example 31 Let m = 3 and n = 4 and let b = {1, 3, 5, 6, 9, 10, 11}.
1 0 0 1
0 1 0 1
1 1 1 0
WLW (b) = 3132321 WRW (b) = 3214241
WLT (b) =
1 1 2
2 3 3
3
WRT (b) =
1 1 4
2 2
3 4
For semi-standard tableau, recall the crystal operators
∼
eTi ,
∼
fTi , see for example, [11]. These crystal
operators may be connected to our crystal operators via the following proposition. This obtains the
result in [4] for the ∧-case.
Proposition 32 For any v∗b ∈ B
∗ the crystal basis for ∧K(Cmn) as above, we have:
• If
∼
ELi (v
∗
b ) = v
∗
c then
∼
eTi (WLT (b)) =WLT (c).
• If
∼
ERk (v
∗
b ) = v
∗
c then
∼
eTk (WRT (b)) =WRT (c).
A similar assertion holds for the
∼
F -operators.
4 The module Vλ
We have thus seen the algebra maps φL : Uq(glm) → Uq(glmn) → EndC(q)(∧
k(Cmn)) and φR :
Uq(gln)→ EndC(q)(∧
k(Cmn)). Since the two actions commute, this converts ∧k(Cmn) into a Uq(glm)⊗
Uq(gln) -module. Also note that at q = 1, we have the factorization:
φL(1) : U1(glm)→ U1(glmn)→ EndC(∧
k(Cmn))
φR(1) : U1(gln)→ U1(glmn)→ EndC(∧
k(Cmn))
Proposition 33 The actions φL, φR convert ∧
k(Cmn) into a Uq(glm)⊗Uq(gln) module. Furthermore,
at q = 1 this matches the restriction of the U1(glmn) action on ∧
k(Cmn) to U1(glm)⊗ U1(gln).
Since, both Uq(glm) and Uq(gln) are Hopf-algebras, we see that if M,N are Uq(glm) ⊗ Uq(gln)-
modules then so is M ⊗N . The action of Uq(glm) on M ⊗N defined by
ΦL : Uq(glm)
∆
→ Uq(glm)⊗ Uq(glm)
φL⊗φL
→ Uq(glmn)⊗ Uq(glmn)→ EndC(q)(M ⊗N)
In the case M,N are Uq(glmn)-modules, we also have:
Φ′L : Uq(glm)
φL
→ Uq(glmn)
∆
→ Uq(glmn)⊗ Uq(glmn)→ EndC(q)(M ⊗N)
We may similarly define ΦR
ΦR : Uq(gln)
∆
→ Uq(gln)⊗ Uq(gln)
φR⊗φR
−→ EndC(q)(M ⊗N)
Again, if M,N are Uq(glmn)-modules, we have at q = 1:
Φ′R(1) : U1(gln)
φL(1)
→ U1(glmn)
∆
→ U1(glmn)⊗ U1(glmn)→ EndC(M ⊗N)
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Proposition 34
• If M,N are Uq(glm) ⊗ Uq(gln)-modules then so is M ⊗ N , interpreted as Uq(glm) ⊗ Uq(gln)
module through ΦL and ΦR.
• The maps ΦL = Φ
′
L and ΦR = Φ
′
R when q = 1. Thus ΦL and ΦR are deformations of the action
of U1(glmn) restricted to U1(glm)⊗ U1(gln).
The proof of the first part is obvious. For the second part notice that for q = 1 both φL and φR match
the classical injections (algebra homomorphisms) of Uq(glm) (or Uq(gln))) into Uq(glmn).
Unless otherwise stated, for Uq(glmn)-modulesM,N , the Uq(glm) and Uq(gln) structure onM⊗N
will be that arising from ΦL and ΦR.
Lemma 35 For the module ∧k(Cmn) as a Uq(glm)⊗ Uq(gln)-module, we have:
∧k(Cmn) =
∑
λ
Vλ(C
m)⊗ Vλ′(C
n)
where |λ| = k.
The proof is clear by setting q = 1. Q.E.D.
Next, for a U1(glmn)-module Vλ and the standard embedding U1(glm)⊗ U1(gln), let
Vλ(C
mn) = ⊕α,β n
λ
α,βVα(C
m)⊗ Vβ(C
n)
Lemma 36 For a, b ∈ Z, consider ∧a+1(Cmn) ⊗ ∧b−1(Cmn) and ∧a(Cmn) ⊗ ∧b(Cmn) as Uq(glm) ⊗
Uq(gln)-modules. Then there exists an Uq(glm)⊗ Uq(gln)-equivariant injection ψa,b:
ψa,b : ∧
a+1(Cmn)⊗ ∧b−1(Cmn)→ ∧a(Cmn)⊗ ∧b(Cmn)
If λ is the shape of two columns sized a and b then the co-kernel cok(ψa,b) may be written as:
cok(ψa,b) = ⊕α,β n
λ
α,βVα(C
m)⊗ Vβ(C
n)
Proof: For q = 1 the above map is a classical construction (see, e.g., [7]). This implies that for general
q, the multiplicity of the Uq(glm) ⊗ Uq(gln)-module Vα(C
m) ⊗ Vβ(C
n) in ∧a+1(Cmn) ⊗ ∧b−1(Cmn)
does not exceed that in ∧a(Cmn)⊗ ∧b(Cmn). Whence a suitable ψa,b may be constructed respecting
the isotypical components of both modules. The second assertion now follows. Q.E.D.
We now propose a recipe for the construction of the Uq(glm) ⊗ Uq(gln) module Wλ. Let λ
′ =
[µ1, . . . , µr], i.e., λ has r columns of length µ1, . . . , µr. Let C
k the the collection of all columns of
size k with strictly increasing entries from the set [mn]. For a ≥ b and c ∈ Ca and c′ ∈ Cb, we say
that c ≤ c′ if for all 1 ≤ i ≤ b, we have c(i) ≤ c′(i). A basis for Wλ will be the set SS(λ,mn), i.e.,
semi-standard tableau of shape λ with entries in [mn]. We interpret this basis as Xλ ⊆ Zλ =
∏
iC
µi .
In other words,
Xλ = {[c1, . . . , cr]|ci ∈ C
µi , ci ≤ ci+1}
We call Xλ as standard and Y λ = Zλ−Xλ as non-standard. We represent ∧p(Cmn) as in [10], with
the basis Cp and constructM = ⊗i∧
µi (Cmn) with the basis Zλ. Note that M is a Uq(glm)⊗Uq(gln)-
module.
Recall the maps:
ψa,b : ∧
a+1 ⊗ ∧b−1 → ∧a ⊗ ∧b
Let Ima,b be the image of ψa,b. Define
Si = ∧
µ1 ⊗ . . .⊗ ∧µi−1 ⊗ Imµi.µi+1 ⊗ ∧
µi+2 ⊗ . . .⊗ ∧µr
S = S1 + . . .Sr−1 ⊆M
We call S as the straightening laws for the shape λ. Note that S is a Uq(glm)⊗Uq(gln)-submodule
of M . We may conjecture that a suitable family of ψ’s exist so that the desired module Wλ is indeed
the quotient M/S and that the standard tableau Xλ form a basis.
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5 The construction of ψa,b
The structure of the two-columnWλ and S in the general case, depend intrinsically on the straightening
laws ψa,b (for various a, b) of Lemma 36. In this section we will construct a family of maps:
ψa,b : ∧
a+1 ⊗ ∧b−1 → ∧a ⊗ ∧b
These maps will have the following important properties:
• ψa,b will be Uq(glm)⊗ Uq(gln)-equivariant, and
• at q = 1, they will also be U1(glmn)-equivariant and will match the standard resolution.
This is done in three steps:
• First, the construction of equivariant maps ψa : ∧
a+1 → ∧a ⊗ ∧1 and ψ′a : ∧
a+1 → ∧1 ⊗ ∧a.
• Next, for a module map µ : A→ B, the construction of the “adjoint” µ∗ : B → A.
• Finally constructing ψa,b using ψa and ψ
∗
b .
We first begin with the adjoint.
5.1 Normal bases
Let us fix the basis B = {vc|c ⊆ [mn], |c| = k} as the basis of ∧
k(Cmn). We define an inner product
on ∧k(Cmn) as follows. For elements vc, vc′ ∈ ∧
k(Cmn), let 〈vc, vc′〉 = δc,c′. In other words, the inner
product is chosen so that B are ortho-normal.
Abusing notation slightly, we denote, for example by 〈ELi c, c
′〉 as short-form for 〈ELi (vc), vc′〉. We
have the EF-Lemma:
Lemma 37 For the action of Uq(glm) and Uq(gln) as above, on ∧
k(Cmn) as above, we have:
q−1qh
L
i (vc′)〈E
L
i c, c
′〉 = qqh
L
i (vc)〈E
L
i c, c
′〉 = 〈FLi c
′, c〉
q−1qh
R
i (vc′)〈E
R
i c, c
′〉 = qqh
R
i (vc)〈E
R
i c, c
′〉 = 〈FRi c
′, c〉
Proof: We have:
ELi (vc) = (ei + q
−hiem+i + . . . (
n−2∏
j=0
q−hjm+i)e(n−1)m+i)vc
Now, by examining the glmn-weights of c, c
′, exactly one of these terms will lead to vc′ , and so
〈ELi c, c
′〉vc′ = (
k∏
j=0
q−hjm+i)e((k+1)m+i)vc = (
k∏
j=0
q−hjm+i(vc′)) · vc′
Now, we see that:
FLi (vc′) = ((
n−1∏
j=1
qhjm+i)fi + . . .+ q
h(n−1)m+if(n−2)m+i + f(n−1)m+i)vc′
It must be the f(k+1)m+i term that led to vc. Whence, we have:
〈FLi c
′, c〉 = ((
n−1∏
j=k+2
qhjm+i) · f(k+1)m+i)vc′ = (
n−1∏
j=k+2
qhjm+i)vc
But since c, c′ differ only in the entry (k + 1)m+ i, we have
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• qh(k+1)m+i(vc) = q
−1 and qh(k+1)m+i(vc′) = q.
• (
∏k
j=0 q
−hjm+i(vc′)) = (
∏k
j=0 q
−hjm+i(vc))
• qh
L
i (vc) =
∏n−1
j=0 q
hjm+ivc
Finally,
qqh
L
i (vc)〈E
L
i c, c
′〉 = q
∏n−1
j=k+1 q
hjm+i(vc)
= qqh(k+1)m+i(vc)
∏n−1
j=k+2 q
hjm+i(vc)
= 〈FLi c
′, c〉
Other assertions are similarly proved. Q.E.D.
Definition 38 Let A be a Uq(glm) ⊗ Uq(gln) module, and let A = {a1, . . . , ar} be a basis of A of
weight vectors. Define an inner product 〈·, ·〉 on A making A orthogonal. We say that A is normal if
the EF-lemma Lemma 37 holds (with a, a′ ∈ A replacing c, c′).
Lemma 39 Let A,B be Uq(glm)⊗ Uq(gln)-modules such that A = {a1, . . . , ar} and B = {b1, . . . , bs}
are normal bases for A and B respectively. Then A ⊗ B is a normal basis for A ⊗ B with the inner
product 〈a⊗ b, a′ ⊗ b′〉 = δa⊗b,a′⊗b′ .
Proof: Let consider the element a⊗ b, and the elements a′⊗ b and a⊗ b′ such that a′ appears in ELi a
and b′ appears in ELi b.
We see that:
q · qh
L
i (a⊗ b)〈ELi (a⊗ b), a
′ ⊗ b〉 = q · qh
L
i (a⊗ b)〈(ELi ⊗ 1 + q
−hLi ⊗ ELi )(a⊗ b), a
′ ⊗ b〉
= q · qh
L
i (a⊗ b)〈(ELi ⊗ 1)(a⊗ b), a
′ ⊗ b〉
= q · qh
L
i (a⊗ b)〈ELi a, a
′〉
= qh
L
i (b)[q · qh
L
i (a)〈ELi a, a
′〉]
= qh
L
i (b)〈FLi a
′, a〉
On the other hand, we have:
〈FLi (a
′ ⊗ b), a⊗ b〉 = 〈(FLi ⊗ q
hLi + 1⊗ FLi )(a
′ ⊗ b), a⊗ b〉
= 〈(FLi ⊗ q
hLi )(a′ ⊗ b), a⊗ b〉
= qh
L
i (b)〈FLi a
′, a〉
Other cases are similar. Q.E.D.
Let Ξ be the Z-submodule generated by ǫLi and ǫ
R
j . Let χ be a Ξ-weight and let χ
′ = χ+hLi . For a
module A with a normal base A, let Aχ be the weight-space of weight χ. We see that E
L
i : Aχ → Aχ′
, while FLi : Aχ′ → Aχ. Let aχ be the column-vector of elements of A of weight χ. Let us define
matrices EA, FA as:
EAaχ′ = E
L
i aχ F
Aaχ = F
L
i aχ′
By the EF-lemma (i.e., Lemma 37),
q · q<χ.h
L
i >EA = (FA)T
Now, let A and B be Uq(glm)⊗ Uq(gln) with normal bases A and B respectively. Let µ : A→ B
be an equivariant map and let µχ be a matrix such that:
µaχ = µχbχ
Equivariance implies:
µ · ELi aχ = µ · E
Aaχ′ = E
Aµχbχ′
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ELi · µaχ = E
L
i µχbχ = µχ′E
Bbχ′
Or in other words,
EAµχ = µχ′E
B FAµχ′ = µχF
B
Transposing the second equivariance condition, we get:
(FAµχ′)
T = (µχF
B)T
We may simplify this as:
µTχ′ (FA)
T = (FB)
TµTχ
and further:
q · q<χ.h
L
i >µTχ′EA = q · q
<χ.hLi >EBµ
T
χ
i.e., finally:
µTχ′EA = EBµ
T
χ
We may similarly prove that
µTχFA = FBµ
T
χ′
Both these observations immediately imply:
Proposition 40 Let µ : A→ B be an equivariant map, and let µχ be defined as above. We construct
the map µ∗ : B → A as follows. Define µ∗ such that:
µ∗bχ = µ
T
χaχ
Then µ∗ : B → A is equivariant.
5.2 The Construction of ψa
In this section we construct the Uq(glm)⊗ Uq(gln)-equivariant maps
ψa : ∧
a+1 → ∧a ⊗ ∧1
ψ′a : ∧
a+1 → ∧1 ⊗ ∧a
Note that ∧1 = Cmn = Cm ⊗ Cn. For convenience, we identify [mn] with [m] × [n]. Under this
identification, an element (i, j) ∈ [m]× [n] maps to the element m ∗ (j − 1) + i.
In this notation, the natural basis for the representation ∧k = ∧k(Cmn) is parametrized by subsets
of [m]× [n] with k elements.
Recall that, as a Uq(glm)⊗ Uq(gln)-module, we have
∧k(Cmn) =
∑
λ
Vλ(C
m)⊗ Vλ′(C
n)
where |λ| = k. Further, λ has atmost m parts and λ′ has atmost n parts, that is, the shape λ fits
inside the m× n ‘rectangle’.
For a shape λ = (λ1, . . . , λm) with λ
′ = (λ′1, . . . , λ
′
n), consider the subset cλ ⊂ [mn] defined as:
cλ = { 1,m+ 1, . . . . . . . . . ,m ∗ (λ1 − 1) + 1,
2,m+ 2, . . . . . . ,m ∗ (λ2 − 1) + 2,
. . . . . .
m, 2m, . . . ,m ∗ (λm − 1) }
Equivalently,
cλ = { 1, 2, . . . . . . . . . , λ
′
1,
m+ 1,m+ 2, . . . . . . ,m+ λ′2,
. . . . . .
m ∗ (n− 1) + 1,m ∗ (n− 1) + 2, . . . ,m ∗ (n− 1) + λ′n }
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Under the identification of [mn] with [m]× [n], we have
cλ =
{
(i, j) | 1 ≤ i ≤ λ′j , 1 ≤ j ≤ λi
}
We slightly abuse the notation and write (i, j) ∈ λ as a short-form for (i, j) ∈ cλ.
With this notation, we have the following important lemma:
Lemma 41 Consider the Uq(glm)⊗Uq(gln)-module ∧
k(Cmn). For a shape λ which fits in the m× n
rectangle with |λ| = k, the weight vector vcλ ∈ ∧
k is the highest Uq(glm) ⊗ Uq(gln)-weight vector of
weight (λ, λ′).
Proof: The lemma follows from the observation that ELi (vcλ) = E
R
j (vcλ) = 0 for all i, j. Q.E.D.
Now we turn our attention to the construction of the Uq(glm)⊗ Uq(gln)-equivariant map
ψa : ∧
a+1 → ∧a ⊗ ∧1
As a Uq(glm)⊗ Uq(gln)-module, we have the following decomposition
∧a+1 =
∑
λ:|λ|=a+1
Vλ(C
m)⊗ Vλ′ (C
n)
Moreover, vcλ is the highest-weight vector for the Uq(glm)⊗Uq(gln)-submodule Vλ(C
m)⊗Vλ′ (C
n) of
∧a+1.
Thus, in order to construct the Uq(glm) ⊗ Uq(gln)-equivariant map ψa, we need to simply define
the images ψa(vcλ) inside ∧
a ⊗ ∧1. Moreover the vector ψa(vcλ) should be a highest-weight vector
of weight (λ, λ′). Note that, unlike ∧a+1, ∧a ⊗ ∧1 is not multiplicity-free. Below, we outline the
construction of a highest-weight vector (upto scalar multiple) vλ of weight (λ, λ
′) inside ∧a ⊗ ∧1.
We begin with some notation. As before, fix a shape λ which fits in the m × n rectangle with
|λ| = a+ 1. Write λ = (λ1, . . . , λm) with λ
′ = (λ′1, . . . , λ
′
n) and
cλ =
{
(i, j) | 1 ≤ i ≤ λ′j , 1 ≤ j ≤ λi
}
For (i, j) ∈ λ, we set
ti,j = vcλ−{i,j} ∈ ∧
a
χi,j = v{(i,j)} ∈ ∧
1
In other words, ti,j is the vector in ∧
a corresponding to the subset obtained from the subset cλ by
removing the element (i, j) ∈ λ. Further, χi,j is the vector in ∧
1 corresponding to the singleton set
containing the element (i, j). Below, we abuse notations and denote by ti,j and χi,j also the subsets
that correspond to these vectors.
Lemma 42 For (i, j) ∈ λ, 1 ≤ k < m, 1 ≤ l < n,
• ELk (ti,j) = 0 if i 6= k.
• ELi (ti,j) = ti+1,j if (i + 1, j) ∈ λ and 0 otherwise.
• If (i+ 1, j) ∈ λ, q−h
L
i (ti+1,j) = q
λi+1−λi−1ti+1,j.
• ERl (ti,j) = 0 if j 6= l.
• ERj (ti,j) = (−1)
λ′j−1qλ
′
j+1−λ
′
j ti,j+1 if (i, j + 1) ∈ λ and 0 otherwise.
• If (i, j + 1) ∈ λ, q−h
R
j (ti,j+1) = q
λ′j+1−λ
′
j−1ti,j+1.
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Proof: Let k 6= i and consider ELk (ti,j). Note that, for all j
′, if (k + 1, j′) ∈ ti,j , then (k, j
′) ∈ ti,j .
Thus, by definition of ELk , we have E
L
k (ti,j) = 0.
Now consider ELi (ti,j). Note that (i, j) 6∈ ti,j . If (i+1, j) ∈ λ, then (i+1, j) ∈ ti,j . Further, for all
j′ < j, if (i + 1, j′) ∈ ti,j then (i, j
′) ∈ ti,j . Thus, by definition E
L
i (ti,j) operates only at the position
(i + 1, j) if (i+ 1, j) ∈ λ and produces the subset ti+1,j .
Now we assume that (i + 1, j) ∈ λ, and evaluate q−h
L
i (ti+1,j). Note that, except for (i + 1, j),
(i+1, j′) ∈ ti+1,j for 1 ≤ j
′ ≤ λi+1. Also, for j
′ > λi+1, (i+1, j
′) /∈ ti+1,j . Thus q
ǫLi+1(ti+1,j) = q
λi+1−1.
Similarly, qǫ
L
i (ti+1,j) = q
λi . Therefore,
q−h
L
i (ti+1,j) = q
λi+1−λi−1ti+1,j
It is easy to that ERl (ti,j) = 0 if j 6= l. So, we turn our attention to E
R
j (ti,j). Note that, for i
′
such that λ′j+1 < i
′ ≤ λ′j , (i
′, j) ∈ ti,j and (i
′, j + 1) 6∈ ti,j . For other values of i
′ except i, either both
or none of (i′, j) and (i′, j + 1) belong to ti,j . Therefore, as expected, E
R
j (ti,j) operates only at the
position (i, j + 1) if (i, j + 1) ∈ λ. Further, by definition of ERj , if (i, j + 1) ∈ λ, we have
ERj (ti,j) = (−1)
λ′j−1qλ
′
j+1−λ
′
j ti,j+1 if (i, j + 1) ∈ ti,j
The sign (−1)λ
′
j−1 results from the fact that exactly λ′j−1 elements of [mn] strictly in the range from
(i, j) to (i, j + 1) belong to ti,j .
We skip the proof for the last assertion as it follows from a similar reasoning applied earlier for
the left E-operator. Q.E.D.
Lemma 43 For (i, j) ∈ λ,
•
ELi (ti,j ⊗ χi,j) =
{
ti+1,j ⊗ χi,j if (i+ 1, j) ∈ λ
0 otherwise
• If (i+ 1, j) ∈ λ, then
ELi (ti+1,j ⊗ χi+1,j) = q
λi+1−λi−1ti+1,j ⊗ χi,j
•
ERj (ti,j ⊗ χi,j) =
{
(−1)λ
′
j−1qλ
′
j+1−λ
′
j ti,j+1 ⊗ χi,j if (i, j + 1) ∈ λ
0 otherwise
• If (i, j + 1) ∈ λ, then
ERj (ti,j+1 ⊗ χi,j+1) = q
λ′j+1−λ
′
j−1ti,j+1 ⊗ χi,j
• For remaining 1 ≤ k < m and 1 ≤ l < n, ELk (ti,j ⊗ χi,j) = E
R
l (ti,j ⊗ χi,j) = 0.
Proof: For the first assertion, consider
ELi (ti,j ⊗ χi,j) = E
L
i (ti,j)⊗ χi,j + q
−hLi (ti,j)⊗ E
L
i (χi,j)
As (i+ 1, j) 6∈ χi,j , E
L
i (χi,j) = 0. Therefore, the claim follows from the previous lemma.
For the second assertion, let us assume that (i+ 1, j) ∈ λ. Then
ELi (ti+1,j ⊗ χi+1,j) = E
L
i (ti+1,j)⊗ χi+1,j + q
−hLi (ti+1,j)⊗ E
L
i (χi+1,j)
Note that, from the previous lemma ELi (ti+1,j) = 0. Also, E
L
i (χi+1,j) = χi,j . Again, using the
previous lemma, we have
ELi (ti+1,j ⊗ χi+1,j) = q
λi+1−λi−1ti+1,j ⊗ χi,j
The third and fourth assertions are proved in a similar fashion. Q.E.D.
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Lemma 44 Let vλ ∈ ∧
a ⊗ ∧1 be defined as follows:
vλ =
∑
(k,l)∈λ
αk,ltk,l ⊗ χk,l
where
αk,l = (−1)
λ′1+...+λ
′
l−1+kqk+l−λk
Then vλ is a highest-weight vector of weight (λ, λ
′).
Proof: It is clear that vλ is a weight vector of weight (λ, λ
′). Below, we show that it is a highest-weight
vector by checking that ELi (vλ) = E
R
j (vλ) = 0 for all i, j.
Towards this, by previous lemma, we have
ELi (vλ) =
∑
(k,l)∈λ αk,lE
L
i (tk,l ⊗ χk,l)
=
∑
(i,l)∈λ αi,lE
L
i (ti,l ⊗ χi,l) +
∑
(i+1,l)∈λ αi+1,lE
L
i (ti+1,l ⊗ χi+1,l)
=
∑
l:(i,l)&(i+1,l)∈λ
(
αi,lE
L
i (ti,l ⊗ χi,l) + αi+1,lE
L
i (ti+1,l ⊗ χi+1,l)
)
For l such that both (i, l) and (i+ 1, l) are in λ, from previous lemma, we have
ELi (ti,l ⊗ χi,l) = ti+1,l ⊗ χi,l
ELi (ti+1,l ⊗ χi+1,l) = q
λi+1−λi−1ti+1,l ⊗ χi,l
Therefore, the coefficent of ti+1,l ⊗ χi,l in E
L
i (vλ) is
= αi,l + q
λi+1−λi−1αi+1,l
= (−1)λ
′
1+...+λ
′
l−1+iqi+l−λi + qλi+1−λi−1(−1)λ
′
1+...+λ
′
l−1+i+1qi+1+l−λi+1
= (−1)λ
′
1+...+λ
′
l−1+i(qi+l−λi − qi+l−λi)
= 0
Thus, ELi (vλ) = 0. A similar analysis shows that, the coefficient of tk,j+1 ⊗ χk,j in E
R
j (vλ) is
= αk,j(−1)
λ′j−1qλ
′
j+1−λ
′
j + αk,j+1q
λ′j+1−λ
′
j−1
= (−1)λ
′
1+...+λ
′
j−1+kqk+j−λk (−1)λ
′
j−1qλ
′
j+1−λ
′
j + (−1)λ
′
1+...+λ
′
j+kqk+j+1−λk qλ
′
j+1−λ
′
j−1
= 0
This shows that ERj (vλ) = 0 and hence establishes the claim that vλ is a highest-weight vector in
∧a ⊗ ∧1. Q.E.D.
We remark that in the above expression for vλ, the coefficient, α1,1, of the term t1,1 ⊗ χ1,1 has
the least q-degree. We may normalize vλ so as to ensure that α1,1 = 1 and all the other terms have
strictly positive q-degree.
Now we are ready to define the Uq(glm)⊗ Uq(gln)- equivariant map
ψa : ∧
a+1 → ∧a ⊗ ∧1
This is done by simply setting ψa(vcλ) = vλ. It is easily seen that there is a unique Uq(glm)⊗Uq(gln)-
equivariant extension of ψa to all of ∧
a+1. Moreover, this extension matches the classical U1(glmn)-
equivariant construction at q = 1.
Next, we prepare towards the construction of the Uq(glm)⊗ Uq(gln)-equivariant map ψ
′
a.
Lemma 45 For (i, j) ∈ λ,
•
ELi (χi,j ⊗ ti,j) =
{
q−1χi,j ⊗ ti+1,j if (i+ 1, j) ∈ λ
0 otherwise
26
• If (i+ 1, j) ∈ λ, then ELi (χi+1,j ⊗ ti+1,j) = χi,j ⊗ ti+1,j
•
ERj (χi,j ⊗ ti,j) =
{
(−1)λ
′
j−1qλ
′
j+1−λ
′
j−1χi,j ⊗ ti,j+1 if (i, j + 1) ∈ λ
0 otherwise
• If (i, j + 1) ∈ λ, then
ERj (χi,j+1 ⊗ ti,j+1) = χi,j ⊗ ti,j+1
• For remaining 1 ≤ k < m and 1 ≤ l < n, ELk (χi,j ⊗ ti,j) = E
R
l (χi,j ⊗ ti,j) = 0.
Proof: For the first assertion, consider
ELi (χi,j ⊗ ti,j) = E
L
i (χi,j)⊗ ti,j + q
−hLi (χi,j)⊗ E
L
i (ti,j)
As (i+ 1, j) 6∈ χi,j , E
L
i (χi,j) = 0. Further, q
−hLi (χi,j) = q
−1χi,j . Therefore, the claim follows.
For the second assertion, let us assume that (i+ 1, j) ∈ λ. Then
ELi (χi+1,j ⊗ ti+1,j) = E
L
i (χi+1,j)⊗ ti+1,j + q
−hLi (χi+1,j)⊗ E
L
i (ti+1,j)
Note that, ELi (ti+1,j) = 0. Also, E
L
i (χi+1,j) = χi,j . Therefore, we have
ELi (χi+1,j ⊗ ti+1,j) = χi,j ⊗ ti+1,j
For the third assertion, consider
ERj (χi,j ⊗ ti,j) = E
R
j (χi,j)⊗ ti,j + q
−hRj (χi,j)⊗ E
R
j (ti,j)
= q−1χi,j ⊗ E
R
j (ti,j)
Recall that, we have
ERj (ti,j) = (−1)
λ′j−1qλ
′
j+1−λ
′
j ti,j+1 if (i, j + 1) ∈ λ and 0 otherwise
Therefore, the claim follows.
For the fourth claim, we assume (i, j + 1) ∈ λ. Then
ERj (χi,j+1 ⊗ ti,j+1) = E
R
j (χi,j+1)⊗ ti,j+1 + q
−hRj (χi,j+1)⊗ E
R
j (ti,j+1)
= χi,j ⊗ ti,j+1
The last claim can be easily proved. Q.E.D.
Lemma 46 Let vλ ∈ ∧
1 ⊗ ∧a be defined as follows:
vλ =
∑
(k,l)∈λ
βk,lχk,l ⊗ tk,l
where
βk,l = (−1)
λ′1+...+λ
′
l−1+kqλ
′
l−k−l
Then vλ is a highest-weight vector of weight (λ, λ
′).
Proof: Clearly, vλ is a weight-vector of weight (λ, λ
′). We now check that ELi (vλ) = 0 for all i.
As expected, this finally reduces to checking if the following expression, coefficient of χi,l ⊗ ti+1,l in
ELi (vλ), is zero. Towards this, consider
= q−1βi,l + βi+1,l
= q−1(−1)λ
′
1+...+λ
′
l−1+iqλ
′
l−i−l + (−1)λ
′
1+...+λ
′
l−1+i+1qλ
′
l−i−1−l
= 0
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Similarly, to check if ERj (vλ) = 0, we need to check if the following expression, coefficient of
χk,j ⊗ tk,j+1 in E
R
j (vλ), is zero. Towards this, consider
= βk,j(−1)
λ′j−1qλ
′
j+1−λ
′
j−1 + βk,j+1
= (−1)λ
′
1+...+λ
′
j−1+kqλ
′
j−k−j(−1)λ
′
j−1qλ
′
j+1−λ
′
j−1 + (−1)λ
′
1+...+λ
′
j+kqλ
′
j+1−k−j−1
= 0
Thus, we have verified that ELi (vλ) = E
R
j (vλ) = 0 for all i, j. This shows that vλ is a highest-weight
vector. Q.E.D.
Now we are ready to define the Uq(glm)⊗ Uq(gln)- equivariant map
ψ′a : ∧
a+1 → ∧1 ⊗ ∧a
As expected, this is done by simply setting ψ′a(vcλ) = v
′
λ and taking the unique Uq(glm) ⊗ Uq(gln)-
equivariant extension. Also, as before, this extension matches the classical U1(glmn)-equivariant
construction at q = 1.
Note that ∧a+1 and ∧1 ⊗ ∧a have normal bases. Whence, by Prop. 40, there is the Uq(glm) ⊗
Uq(gln)-equivariant map:
ψ′∗a : ∧
1 ⊗ ∧a → ∧a+1
Finally, we construct ψa,b as follows:
ψa,b : ∧
a+1 ⊗ ∧b−1
ψa⊗I
∧b−1−→ ∧a ⊗ ∧1 ⊗ ∧b−1
I∧a⊗ψ
′∗
b−1
−→ ∧a ⊗ ∧b
.
6 The Symk modules
In this section, we develop the structure of Symk(Cmn), i.e., when λ = k or λ′ = [1, 1, . . . , 1]. We
start with the module Mk = ∧
1 ⊗ . . . ⊗ ∧1. The straightening laws S are generated by exactly the
images of ψ2 : ∧
2 → ∧1 ⊗ ∧1.
We use the variables xr for r = 1, . . . ,mn as a basis for C
mn or alternately treat X as a matrix
with the basis zi,j for i = 1, . . . ,m and j = 1, . . . , n with the understanding that zi,j = x(j−1)m+i).
We use (i, j) to mean the element (j − 1)m+ i ∈ [mn]. We have an order (i, j) ≤ (i′, j′) which comes
from their being elements of [mn].
From the previous section, we see that for general Uq(glm) ⊗ Uq(gln)-action, ∧
2 has two highest
weight sets c(2) = {1,m+ 1} and c(1,1) = {1, 2}, and their corresponding vectors vc(2) and vc(1,1) . We
see that:
ψa(vc(2)) = q · x1 ⊗ xm+1 − xm+1 ⊗ x1
ψa(vc(1,1)) = q · x1 ⊗ x2 − x2 ⊗ x1
In the z-notation, we thus have:
q · z1,1 ⊗ z1,2 − z1,2 ⊗ z1,1 ∈ S
q · z1,1 ⊗ z2,1 − z2,1 ⊗ z1,1 ∈ S
The action of Uq(glm) and Uq(gln) yield more straightening laws by which non-standard tuples
may be expressed in terms of standard tuples. The exact expressions appear below (after dropping
the ⊗):
zi,j+rzi,j = q · zi,jzi,j+r
zi+r,jzi,j = q · zi,jzi+r,j
zi,j+szi+r,j = zi+r,jzi,j+s
zi+r,j+szi,j = zi,jzi+r,j+s + (q − 1/q) · zi+r,jzi,j+s
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Denote by Sk(X) the moduleMk/S and S(X) as ⊕kSk(X). It has been shown elsewhere (see, e.g.,
[13]), that S(X) is in fact, an associative algebra, the so called quantum matrix algebra Mq(X).
The degree d-component is indeed exactly spanned by:
z
d1,1
1,1 z
d2,1
2,1 . . . z
dm−1,n
m−1,n z
dm,n
m,n where
∑
i,j
di,j = d
Thus, we have constructed the module ∧k(Cmn) as a Uq(glm)⊗Uq(gln)-module. We will now construct
a crystal basis.
Note that
ERj (zi′,j′) =
{
zi′,j if j
′ = j + 1
0 otherwise
FRj (zi′,j′) =
{
zi′,j+1 if j
′ = j
0 otherwise
We will use the “standard” Hopf defined below:
∆(e) = e⊗ 1 + q−h ⊗ e
∆(f) = f ⊗ qh + 1⊗ f
Let us look at the action of ERj on a standard monomial:
ERj (z
d1,1
1,1 z
d2,1
2,1 . . . z
d1,j
1,j . . . z
dm,j
m,j z
d1,j+1
1,j+1 . . . z
dm,j+1
m,j+1 . . . z
dm−1,n
m−1,n z
dm,n
m,n )
It is clear the general non-standard term generated will be:
z
d1,1
1,1 z
d2,1
2,1 . . . z
d1,j
1,j . . . z
dm,j
m,j z
d1,j+1
1,j+1 . . . z
di−1,j+1
i−1,j+1 z
a
i,j+1 · zi,j · z
b
i,j+1z
di+1,j+1
i+1,j+1 . . . z
dm,j+1
m,j+1 . . . z
dm−1,n
m−1,n z
dm,n
m,n
where a+ 1 + b = di,j+1. This term straightens to:
qa+di+1,j+...dm,jz
d1,1
1,1 z
d2,1
2,1 . . . z
d1,j
1,j . . . z
di,j+1
i,j . . . z
dm,j
m,j z
d1,j+1
1,j+1 . . . z
di−1,j+1
i−1,j+1 z
di,j+1−1
i,j+1 z
di+1,j+1
i+1,j+1 . . . z
dm,j+1
m,j+1 . . . z
dm−1,n
m−1,n z
dm,n
m,n
The Hopf constant will be
qd1,j+1+...+di−1,j+1+a−d1,j−...−dm,j
Thus the total index nRi,j is:
nRi,j,a = a+ di+1,j + . . .+ dm,j + d1,j+1 + . . .+ di−1,j+1 + a− d1,j − . . .− dm,j
= (d1,j+1 − d1,j) + . . .+ (di−1,j+1 − di−1,j) + (2a− di,j)
We may abbreviate all this by assuming that d is an m × n-matrix of non-negative degrees di,j and
zd =
∏
i,j z
di,j
i,j . Let κ
R
ij stand for the matrix of all zeros except in the (i, j) and the (i, j+1) positions,
where it is 1 and −1 respectively. We may thus write:
ERj (z
d) =
∑
i:d+κR
ij
≥0
di,j+1−1∑
a=0
qn
R
ijazd+κ
R
ij
Let us look at the easier left action:
ELi (zi′,j′) =
{
zi,j′ if i
′ = i+ 1
0 otherwise
FRi (zi′,j′) =
{
zi+1,j′ if i
′ = i
0 otherwise
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Let us define κLij as the zero matrix, except in the (i, j) and (i + 1, j)-th positions, where it is 1
and −1 respectively, and
nLi,j,a = (di+1,1 − di,1) + . . .+ (di+1,j−1 − di,j−1) + (2a− di,j)
In this notation, we see that
ELi (z
d) =
∑
j:d+κL
ij
≥0
di+1,j−1∑
a=0
qn
L
ijazd+κ
L
ij
We are thus led to the following two observations:
(i) The formulae for the right action are obtained from the left by transposing the the first and
second indices in z, d etc., i.e., the roles of the left and the right action are completely analogous.
(ii) The left action, i.e., the action of Uq(glm) on Sk(X) matches the standard action of Uq(glm)
on the module ⊕a ⊗j Sym
aj (Cm) where
∑
j aj = k. Indeed, given a monomial z
d, we read it
column-wise to get each component of the n-way tensor product.
Since the crystal base for ⊗Syma(Cm) is well understood, we are led to the following proposition:
Proposition 47 A crystal basis for Sk(X) is the collection of monomials {zd|d ≥ 0,
∑
i,j dij = k}.
For a m × n-matrix d of non-negative integers, define the (sym.) left word SLW (d) as the i-
indices of all elements (i, k) ∈ d, repeated dik times, read top to bottom within a column, reading
the columns left to right. Similarly, define the right word SRW (d) as the k-indices of all elements
(i, k) ∈ d repeated dik times, read left to right within a row, reading the rows from top to bottom.
For a word w, let rs(w) be the Robinson-Schenstead tableau associated with w, when read from
left to right. Define the left tableau SLT (d) = rs(SLW (d)) and the right tableau as SRT (d) =
rs(SRW (d)).
Example 48 Let m = 3 and n = 4 and let d be as given below:
d =
1 0 0 2
0 2 0 1
3 1 1 0
SLW (d) = 13332233112 SRW (d) = 14422411123
SLT (d) =
1 1 1 2 3 3
2 2 3
3 3
SRT (d) =
1 1 1 1 2 3
2 2 4
4 4
We now obtain the result in [4] for the Sym-case.
Proposition 49 For any zd, element of the crystal basis for Sk(Cmn) as above, we have:
• If
∼
ELi (z
d) = ze then
∼
eTi (SLT (d)) = SLT (e).
• If
∼
ERk (z
d) = ze then
∼
eTk (SRT (d)) = SRT (e).
A similar assertion holds for the
∼
F -operators.
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7 The 3-column conditions and its verification for the Uq(gl2)⊗
Uq(gl2) case
Motivated by the construction of the S(X), we define the general algebra F(X) as follows. The
generators C of the algebra are crystal bases of each ∧k(Cmn) indexed by (strict) column-tableaus
with entries in [mn]. Let T (C) be the tensor-algbera with generators C. It is clear that T (C is a
Uq(glm) ⊗ Uq(gln)-module. Next, given columns c, c
′, we recall the relationship c ≤ c′ to mean that
(i) |c| ≥ |c′|, and (ii) c(i) ≤ c′(i) for i = 1, . . . , |c′|. In other words, c′ may follow c in a semi-standard
tableau. We use a particular family ψa,b and define the straightening laws:
c · c′ =
{ ∑
i αi · ci · c
′
i if |c| ≥ |c
′| and c 6≤ c′
0 if |c| < |c′|
where ci ≤ c
′
i for all i. We call S as the double-sided ideal generated by the above as the straightening
relations. Note that S ⊆ T (C) is a Uq(glm)⊗Uq(gln)-module. We define F(X) as the quotient T (C)/S.
Recall that SS(λ, [mn]) is the collection of all semi-standard tableau of shape λ with entries in [mn].
Note that F(X) has a natural grading and one may hope that:
F(X)d
?
≡
∑
|λ|=d
SS(λ, [mn])
By Bergman’s diamond lemma, the hope above boils down to verifying the following 3-column
case. Let Imr,s ⊆ ∧
r ⊗ ∧s be the image of ψr,s. For a ≥ b ≥ c > 0 let
Sa,b,∗ = Ima,b ⊗ ∧
c ⊆ ∧a ⊗ ∧b ⊗ ∧c
S∗,b,c = ∧
a ⊗ Imb,c ⊆ ∧
a ⊗ ∧b ⊗ ∧c
Sa,b,c = S∗,b,c + Sa,b,∗
Note that Sa,b,c is a sub-module of ∧
a ⊗ ∧b ⊗ ∧c.
For a, b, c as above, let [a, b, c]′ denote the 3-column shape with column lengths a, b, c. We have
the obvious:
Proposition 50 If dim(∧a ⊗ ∧b ⊗ ∧c/Sa,b,c) = dim(V([a,b,c]′)(C
mn)) for all a, b, c then
F(X)d ≡
∑
|λ|=d
SS(λ, [mn])
We see that Proposition 50 brings the problem down to verifying certain properties of ψ on a
finite set of modules and which may even be done on a computer. We have done precisely this for the
m = n = 2 case. However, we construct special ψ’s which are not the same as those in Section 5.
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Define ψ2, ψ
′
2, ψ3 and ψ
′
3 as follows:
ψ2(
1
2
) = −q · 2 ⊗ 1 + q2 · 1 ⊗ 2
ψ2(
1
3
) = −q · 3 ⊗ 1 + q2 · 1 ⊗ 3
ψ′2(
1
2
) = 2 ⊗ 1 − q · 1 ⊗ 2
ψ′2(
1
3
) = 3 ⊗ 1 − q · 1 ⊗ 3
ψ3(
1
2
3
) = (q + 1)(q2 + q − 1)/(1 + q2) · 2
3
⊗ 1 − (q3 − 2q + 1)/(1 + q2) ·
1
4
⊗ 1
−(q2 + q − 1)q · 1
3
⊗ 2 + (q2 + q − 1)q ·
1
2
⊗ 3
ψ′3(
1
2
3
) = −q3(q + 1)/(1 + q2) · 1 ⊗
2
3
+ q3(q − 1)/(1 + q2) · 1 ⊗
1
4
+q · 2 ⊗
1
3
− q · 3 ⊗
1
2
Note that there are two highest weight vectors in ∧2(C2×2), viz., for the shapes and ,
while ∧3(C2×2) has only one highest weight vector, viz., for the shape . One may check that
the images specified are indeed highest weight vectors. Also check that at q = 1, the maps reduce to
the classical ones. The surprising terms are, of course, 1 ⊗
1
4
and its counter-part; both vanish at
q = 1. ψ3 and ψ
′
3 were chosen so that the following diagram commutes:
∧3 ∧2 ⊗ ∧1
∧1 ⊗ ∧2 ∧1 ⊗ ∧1 ⊗ ∧1
........................................................................................................
.
ψ3
..............................................................................................................................
....
ψ′3
...............................................................................
.
id⊗ ψ2
..............................................................................................................................
....
ψ′2 ⊗ id
Note that for the purpose of verifying the 3-column conditions, each of the ψ’s may be individually
scaled. Of course, ψ2 on
1
2
and 1
3
, may be individually scaled while maintaining Uq(glm)⊗Uq(gln)-
equivariance, but at the risk of changing the 3-column conditions. The maps ψ4 and ψ
′
4 have no real
choice; there is only one Uq(glm)⊗ Uq(gln)-invariant in ∧
3 ⊗ ∧1 or in ∧1 ⊗ ∧3.
We use the above basic maps to construct ψa,b for all a ≥ b, viz., ψ1,1, ψ2,1, ψ2,2, ψ3,1, ψ3,2 and
ψ3,3. The actual verification of the 3-column conditions was done on a computer. The 10 tuples for
a, b, c are 111, 211, 221, 222, 311, 321, 322, 331, 332, 333.
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The condition was checked only for the weight space for the left and right weights closest to zero.
Thus if the number of boxes were even then the left, and right weights were chosen 0, 0, else 1, 1,
respectively. Clearly, a violation of the condition would mean an additional Uq(gl2)⊗Uq(gl2)-module
than in the classical case and would have a witness at these weights.
8 Notes
The immediate objective is to construct Wλ(C
mn) for all λ. One route is through the 3-column
conditions, which would mean the construction of a Uq(glm)⊗Uq(gln)-equivariant resolution of V[a,b,c]′
perhaps mimicking the Giambelli-type resolution of Akin [1] in the classical case. This itself is based
on the Bernstein-Gelfand-Gelfand resolution [3], a q-version of which is also available. The trouble,
of course, is to construct one which is Uq(glm)⊗ Uq(gln)-equivariant.
The choice of ψ is of course, critical. Shamefully, even for the m = n = 2 case, other than a = 1, 2
and b = c = 1, there seems to be no explanation of why the 3-column condition holds. How does the
“commutation” condition on ψ, ψ′ actually translate into proofs of the 3-column conditions?
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